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PREFACE

The analytical work described herein was conducted at the DOT
Transportation Systems Center, Cambridge, Massachusetts. The experimental
work was conducted at the Massachusetts Institute of Technology, Cambridge,
Massachusetts. The work was sponsored by the National Highway Traffic Safety
Administration under Project Plan Agreement HS-476. This series of reports is
specifically concerned with evaluating the impact response characteristics of
foam-type crash padding materials. This report is the second of three volumes in
the series. Volume I covered the results of laboratory tests to determine the basic
dynamiec mechanical properties of a typical foam rubber. This report covers the
derivation of foam-rubber constitutive equation models and the procedures used to
fit the model parameters to the laboratory test results. Volume III will cover
application and validation of the best model for impact response prediction.
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SUMMARY

Selection of materials for energy-absorbent performance is an important
consideration for automobile interior padding, which must provide the greatest occupant
protection for the least padding thickness possible. Rational selection requires an
understanding of which material properties, as measured In standard laboratory tests,
correlate well with impact performance in crash situations. Such understanding can be
gained by characterizing a material in the laboratory, constructing a performance model
from the laboratory test results, applying the model to predict the response of the
material to impacet conditions, and then verifying the prediction by test.

Volume I of this series of reports summarized the first link 1n the chain of
understanding: results of laboratory tests to determine the dynamic properties of Uniroyal
Ensolite AAC foam rubber, a typical crash padding product which the National Highway
Traffic Safety Administration has used in other investigations of injury mitigation
concepts for automobile occupants.

This report is Volume II of the series, and summarizes the results of the second link.
Earlier methods for constructing material performance models were reviewed and were
found to be 1nadequate for representing the impact response characteristics of materials
like Ensolite foam rubber. Criteria were then formulated for the more complex type of
model required, and two such models were developed. The model developments included
organization of curve-fitting procedures which take advantage of all of the relevant
materials test data.

When the two models were applied to the Ensolite test data, one was found to
accurately represent the material over only a limited range of performance, but the
second was found to represent the material well over the entire range of interest. Both
models may still be useful for predicting the impact response of Ensolite AAC, and both
models can be applied to other materials.

vii/viii



1. INTRODUCTION

The first volume of this report summarized the results of laboratory tests to
determine the compressive mechanical properties of Uniroyal Ensolite AAC foam rubber,
a recoverable closed-cell crash padding material. The principal results were for stress as
a function of time after imposition of a fixed strain (stress relaxation) and for stress as a
function of strain applied at a fixed rate. The second group of results included
measurements of the "residual" strain present at the instant the material had unloaded to
zero stress. Both groups of results were extrapolated to typical impact times (0.001
second) and strain rates (2,000 per second) by means of the time-temperature
superposition principle, which was used to construct master curves for material behavior
at 250C from results of tests at lower temperatures.

The body of data in Volume I characterizes the material response to two specific
types of loading. This characterization of material properties must be generalized,
however, to provide a useful basis for predicting the dynamic responses of objects which
collide with padded structure. What is sought is an equation of state, or constitutive
equation, which describes the possible relationships between current states and
ineremental changes of stress and strain in the material.

In the typical impact situation, the colliding mass imposes a known initial strain rate
on the crash padding material. The mass is decelerated and the strain rate decreases,
however, as the padding builds up stress to resist the motion of the mass. The
deceleration eventually brings the mass to momentary rest with respect to the padding,
the relative motion 1s then reversed, and finally there occurs an instant when the padding
stress has returned to zero. At this last instant, contact between the mass and padding is
lost, and the impact event is complete.

To be useful for predicting impact response, a constitutive equation must be able to
follow all of the foregoing phases of the motion. This imposes the following three
requirements on the properties of the equation itself. First, as a minimum, it must relate
the instantaneous rate of change of stress to the instantaneous values of stress, strain,
and strain rate. Second, 1t must embody an unambiguous relationship between loading and
unloading, including transitions between these states at zero strain rate. Third, it must

account for the presence of residual strain rate in the padding at the end of contact.



In addition to satisfying the foregoing requirements, the constitutive equation must
also be consistent with the laboratory test data and should have as simple a form as
possible. This volume summarizes the development of such constitutive equation models
for the one-dimensional (umform compression) behavior of Ensolite foam rubber. Section
2 reviews several earlier models which were investigated, but which were found to rave
various significant limitations. As a consequence of these initial studies, some general
mathematical criteria were formulated to govern the construction of multi-paramzter
empirical models, and two such models were derived. Section 3 discusses these
developments, including the analysis procedures used to fit the models to laboratory test
data. Section 4 describes the numerical results obtained by applying the curve-fitting
procedures to the Volume I test data for Ensolite foam and illustrates the degree of
consistency obtained.



2. REVIEW OF EARLIER MODELS

Three previously published models were investigated for possible application of the
prediction of Ensolite foam rubber impact response. The first of these was the classical
linear viscoelastic solid (LVS), and the investigation also included some extensions of the
LVS to nonlinear behavior. The second and third were empirical models based on
experiments peformed by other investigators. None of these models had enough

parametric flexibility to describe the behavior of Ensolite foam rubber.
2.1 THE LINEAR VISCOELASTIC SOLID

The constitutive equation of the linear viscoelastic solid is given by [1 ] :

5 + O/T + EOE.Z + EwC/T (1)

where o and € are the material stress and strain, respectively, and where a dot over
a quantity indicates a time derivative.

The parameters of the LVS model have the following meanings. The parameter E is
an "instantaneous" elastic modulus, i.e., it expresses the stress-strain relation for the
idealized limit of infinite strain rate. The parameter E, is a fully relaxed elastic
modulus, i.e. it expresses the stress-strain relation for the idealized limit of zero strain
rate. The linearity of the LVS model refers to these asymptotic stress-strain relations.
The parameter T is a characteristic decay time, i.e. the amount of time (after a
suddenly imposed strain) that is required for the stress to decrease to the fraction 1/e of
its instantaneous value.

The LVS 1s often interpreted in terms of the spring-and-damper analog shown in
Figure 2-1. The spring represented by E; models the elastic "instantaneous" stage, while
the time-dependent stage is represented by the parallel combination of spring Ey and
damper C1. The stress o0 is proportional to a strain ¢ across the first stage, but
0=E1€l+Clél across the second stage. The constitutive relation of Eq. 1 is obtained by

expressing the model in terms of total strain €, and defining:



FIGURE 2-1. SPRING-AND-DAMPER ANALOG OF LVS MODEL



Lo = EgEy/(Eg#E;) 1 = Cy/(Ey+Ep) (2)

If the strain and strain rate are prescribed in any self-consistent manner, the LVS
constitutive equation has the following general solution for the stress-time history:
o(t) = e YT 1A+ £ (ByieT e/t Tdn) »

where A is a constant whose value is determined by the initial conditions at t = 0. The
general solution of Eq. 3 includes the so-called hereditary integral solution, which is

usually expressed in the definite-integral form:

t

a(t) = E(t)e(o) +[ E(t-t')é(t')dt! (4)
(o]
where
E(t) = E_+(E_ - E))e t/T (5)

is the so-called relaxation modulus. The following stress solutions for specific applied

strain-time histories are of interest.

2.1.1 Idealized Stress-Relaxation Test
A strain ¢ is suddenly applied at t = 0 and 1s held constant for t > 0. The

stress response for t > 0 is:

a(t) = E(t)e (6)

Note that the stress-relaxation behavior of the material is characterized by a unique
master curve: the relaxation modulus.



2.1.2 Loading at Constant Strain Rate

Strain 1s applied at a constant rate ¢ , beginning at t = 0. Thus, £(t) =¢ t and

the stress response for t > 0 is given by:
-t/
o(t) =} E_+ (E_ - 1°¢ : (7)
(t) [ . ( o Em) <T—T_—>]€t

Equation 7 embodies the linear asymptotic properties for the limits of zero and infinite
strain rate. For finite strain rates, the stress-strain curve has a slight nonlinearity but
the amount and its characteristics are not flexible enough to allow curve-fitting to

strongly nonlinear materials.

2.1.3 Idealized Stress-Strain Test
Beginning at t = 0, strain is applied at a constant rate ¢ for a finite time (; )

€.
until a maximum strain € is achieved. At t = /£ | the rate of strain application is
instantaneously reversed, and the material is allowed to unload. The stress response for
o<t < Fre is given by Eq. 7, and at the instant of reversal:

o(e/¢) = E_e + (B, - E))(1-e /87y &o (8)

For t> “/c , ie. the unloading phase, the stress response is given by:

o(t) = 2(E,e + B e)e®/FT ¢V L (5 - )ece /T

+ E (et - &1- 2e) - E_éx )



A plot of the loading-unloading response would reveal a shght hysteresis effect and a
small residual strain at the point where o (t), as calculated by Eq. 9, returns to zero. Like
2.1.2, however, these characteristics are not flexible enough to allow curve-fitting to

strongly nonlinear materials.

2.1.4 Steady-State Sinusoidal Response

A strain e(t) = £ sinwt is applied to the material with a constant strain
amplitude ¢ and a fixed frequency w. The strain rate is also sinusoidal, ¢ (t) = we cos wt
The stress response (after sufficient time to damp out transients has elapsed) is a

sinusoid that lags the strain input by a phase angle ¢ :

o(t) = osin(wt + ¢) (10)
where
(EO/Eoo - Duwr
tan¢ =
1+ (B /E)) (ur)? an
1 + (E w1/E )2

o = E ¢ 0 s

® 1+ (wr)? (12)



The solution 1s sometimes expressed in terms of the equivalent complex moduli E'and E"
as follows:

o(t) = (E'" + 1E"M)esin(at)

13)
where
E + E (w1)?
T —_— ® O
ET = 7
I + (w1) (14)
(E. - E
oo o Fele (15)
1+ (urr)z
and where
'y 2 Ny
tané = E"/E' ¢ =€\/(E Y + (EM)
(16)

Steady-state sinusoidal response tests are often used to characterize the
vibratory damping properties of viscoelastic materials. The damping factor can be
related to the energy loss per cycle of sinusoidal motion, and the energy loss 1s
proportional to tan ¢ . The LVS model has a loss-tangent characteristic with a unique
maximum at the frequency:

E_/E, an



However, real viscoelastic materials tend to have loss tangents which are flat over a wide

frequency range, or which possess several weak local maxima.

2.2 COMMENT ON LVS MODEL

Before the other models are discussed, it is worthwhile to recognize the
influence that the LVS model has exerted on viscoelastic materials research. The LVS
model is attractive for three reasons. The first is its convenient physical interpretation
(Figure 2-1).

The second reason is the ease with which analytical solutions to dynamic
problems can be obtained from the LVS model. Several examples simulating laboratory
tests were mentioned in Section 2.1, but even some impact situations can be similarly
analyzed. For example, consider the problem of a rigid mass M which strikes a rigidly
supported LVS pad of cross section area A and thickness L; the mass is further assumed to
have a flat face and the same cross section as the pad, so that the material will be
subjected to uniform compression (Figure 2-2). The mass has an initial velocity V and is

decelerated after contact (t > 0) in accordance with:

Mx = - gA (18)



INITIAL VELOCITY =V
—>

RIGID
SUPPORT

STRESS STRESS
+—J o

.~
=
AREA =A L je——

MOTION OF MASS (X}
MEASURED FROM
INITIAL CONTACT AT
t=0

STRAIN € = X/L

FIGURE 2-2. A FREE-IMPACT PROBLEM
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Under the foregoing assumptions, it is easy to show that Eq. 18 can be combined
with the LVS constitutive equation (Eq. 1) to obtain:

5" + &1 + E,AG/ML + E_Ao/MLT = 0 (19)

subject to the initial conditions
o=0; 0 = E_V/L; & = (E,-E_)V/Lt (20)
at t = 0. The solution can then be expressed immediately in the form:

ot Agt (21)

where A;, A,, A4 are the roots of the characteristic polynomial corresponding to Eq. 19

and Aj, A2, A3 are determined from Eq. 20.

The third reason is that the LVS model displays all its parameters directly for any
type of laboratory test. Thus, only a few data points from one type of test are required to
fit the parameters, if one accepts a priori that the LVS is a reasonable model of the test

material. If the stresses % = © (t1), 95 =09 (t2). and the stress asymptote
are obtained from a stress-relaxation test at one strain ¢, for example, the LVS model

parameters are given by:

® ® (22)

11



[o = E + (O _ g )m+l/(02 _ Qoo)m (23‘»

@ 1 ©

~
it

(t2 - tl) 1oge[:(ol -ow)/(rﬂZ - ow)]

= tl/(tz - tl).

(24)

=3
!

where m = t}/(tg-t1)-

The LVS 1s a useful conceptual model because it combines the major characteristics
of viscoelastic behavior with convenience in curve-fitting and dynamic analysis. As
attractive as this combination is, however, one should avoid the temptation to force-fit

real material test data into the LVS mold.

2.3 EXTENSION OF SPRING-DAMPER ANALOG MODELS

Spring-damper analogs such as the one shown 1n Figure 2-1 have served as points of
departure for modelling complex aspects of viscoelastic behavior. One of the traditional
approaches 1s to add more linear components to the model, each component representing
one more parametric degree of freedom. This approach has been extensively used, for
example, to construct models of relaxation for real polymers which possess multiple
relaxation mechanisms with distinct characteristic decay times (31 .

A different approach was taken in the present investigation in order to model
different types of stress-strain curve nonlinearity. Single-component modifications or
additions were made to the baseline configuration of Figure 2-1 to individually model two
specific stress-strain nonlinearities.

In the first model, a softening characteristic was obtained by modifying the elastic

spring E, as shown in Figure 2-3. The constitutive equation for this model is:

[1 + n(EO/B)(o/B)“‘lJa (25)

= E e/t + E_E - [1 + (Em/B)(Q/B)n-{lo/T

where the material parameters Eq, E_ , B are moduli, T is the characteristic time and
n > 1 is a dimensionless, exponent. At the limit of zero strain rate, the behavior of this

model follows the Ramberg-Osgood stress-strain relation:

e = o/E_ + (o/B)" (26)
12



T = C]/(EO+E])

E, BB /UEE)) et —ade—— & —

€ = € _te
o 1

FIGURE 2-3. SPRING-DAMPER MODEL WITH SOFTENING CHARACTERISTIC
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Figure 2-4 1illustrates the second model, which produces the stiffening behavior with

a constitutive equation of the form:

. n-|
¢ = (E_ + Be Ye/1 o+ (LO + nBsn-l)' - o/ @n

The material parameters play the same roles as 1n the softening model, but B and n have

different interpretations. The asymptotic behavior in this case 1s:
o = E_ ¢ + B (28)

The equations of both models are restricted to the compression side of the stress-
strain diagram, but the strain rate and stress rate can be either positive or negative. Both
models possess the undesirable feature that they permit strains € > 1 unless limited by
auxiliary logic.

Numerical simulations were run to investigate the behavior of the non-linear-spring
models. The next three figures illustrate some typical results obtained from a softening
model. Figure 2-5 plots a family of stress-relaxation curves for several different strains.
The curve tends to flatten at larger values of applied strain. Figure 2-6 compares the
static stress-strain curve with a simulation of stress-strain tests at a constant strain rate.
The stmulation includes the unloading as well as the loading phase to demonstrate the
hysteresis embodied in the model. The strain rate used in the simulation was chosen to
maximize the width of the hysteresis loop. Figure 2-7 compares this case with
simulations at higher and lower strain rates. Similar behavior characteristics were fcund
for the stiffening model. The HP67 programs used to run these simulations appear In
Appendix A.

The change 1n the shape of the stress-relaxation curve as a function of applied strain
and the softening or stiffening characteristics of stress-strain curves are all features
found 1n the behavior of real viscoelastic materials. However, the nonlinear-spring
models were found to have only limited abilities to reproduce these features. For
example, the tendency of the hysteresis effect to peak at a finite strain rate in the model
(Figure 2-7) 1s fundamentally different from the tendency of a steady increase of
hysteresis with inereasing strain rate in Ensolite foam rubber (Figure 2-8). Therefore, the
nonlinear-spring models were judged to be unsuitable to represent real material behavior.

14
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FIGURE 2-4. SPRING-DAMPER MODEL WITH STIFFENING CHARACTERISTIC
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2.4 EMPIRICAL MODELS
Two empirical models proposed by other investigators were examined. Both models

are based on an approach of direct curve fitting to a single kind of laboratory test data.

2.41 Power-Law Model for Stress Relaxation

Meinecke and Clark [4] have proposed a power-law representation in the time
domain to fit stress-relaxation data. The model also includes an asymptotic stress-strain

nonlinearity. The empirical equation for this model 1s:

o(t;e) = eb(e)t (29)

where : 1s the fixed strain applied In the stress-relaxation test and E(£) embodies the
stress-strain nonlinearity. Since Eq. 29 implies arbitrarily high stresses at arbitrarily

short times, however, 1t is better to express the power-law model in the form:

-n
t+t

s(tie) = ek(e) too (30)

where 1t is defined that ¢E(e ) 1s the first stress observation at time t, after the
experiment has started, and where the model 1s implicitly restricted to times after the
first observation.

The time scale, t, in Eq. 30 has been shifted such that t = 0 corresponds to the
first observation point. Under these arrangements a hereditary integral can be used tc
extend the power-law model to situations other than the stress-relaxation test. For

example, the response of stress to strain applied at a constant rate ¢ would be predicted

by: . ) ) t t+t -t -
c{t,&) = t ¢ E(te) + é/ Bl (t-tye| —2 ) g¢v (31)

@] to

where E (tt ) is the value of E(+ ) at time t.

The model of Eq. 29 has been used to fit the stress-relaxation behavior of several
foam-rubber materials!4]and equivalent fits could easily be made with Eq. 30. However,
the data available for fitting spanned 0.1 to 104 seconds after test start, i.e. times much
longer than the expected durations of typical impacts. Even if shorter-time data were
available, fitting the stress-relaxation data would still not guarantee that Eq. 31 could
correctly predict the hysteresis effects associated with impact response. Also, th=
power-law model does not lend itself well to the formulation of a true constitutive

equation, and is thus computationally inconvenient.
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2.4.2 Power-Law Strain-Rate Model

Recent work in the United Kingdom (UK) included investigation of six rigid and
nine semi-rigid foams[5] . In this study, the investigators obtained stress-strain curves at
several different constant strain rates and used the data to fit models of the form:

(32)
o(e,e) = f(e)éh

For strains up to 0.5 in the rigid foams they found that f( ) is close to a constant for each
material, while the strain-rate exponent, r, ranged from 0.02 to 0.08 for the six materials.
The small exponent values suggest that such materials can be adequately represented by
two parameters: a crush strength and a limit strain. Beyond the limit strain, the foam
cell structure must be considered to have completely collapsed, and the pad stiffness
would then be controlled by the mechanical properties of the solid material from which
the foam is made. For the semi-rigid foams the investigators were able to fit the
material test data reasonably well with the empirical equation:

o(e,2) = Eé¥/(1-¢)P (33)

where E,n, and r are the parameters. The strain-rate exponent, r, ranged from 0.04 to 0.3
for the nine semi-rigid foams studied.

The UK work was also correlated with impact-simulation tests in which rigid
spheres were allowed to strike rigidly supported pads at speeds of about 6 mph. A load
cell in series with the supporting structure measured the time-history of the total force F
acting on the pad. Force-time history predictions were made by taking:

F = o(e,é)A (34)
where A is the contact area on the pad (linearized in terms of the sphere penetration Xp,
assumed to be much smaller than the sphere's radius), and where three-dimensional
effects of the nonuniform contact were neglected. The agreement between predicted and
measured force during the penetration phase of the impact was excellent for the rigid
materials, which were also observed to have Poisson's ratios close to zero. The
predictions for semi-rigid foams were somewhat in error, a result which was attributed to
three-dimensional effects.
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The foregoing model appears to be most useful for rigid foams and within the
confines of those situations that have been studied experimentally. The model 1s not well
suited to predicting the unloading and rebound characteristics of semi-rigid foam pads,
however, and 1s impossible to reconcile with data from stress-relaxation tests because Eq.

32 implhies that o(t)= 0 for all times after the apphed strain 1s held constant.
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3. DEVELOPMENT OF MULTI-PARAMETER EMPIRICAL MODELS

The viscoelastic material models discussed in Section 2 have a common feature:
each employs a few parameters to match one aspect of material behavior. Even if the
model can reproduce the matched aspect accurately, however, it is questionable if other
important aspects can be reproduced.

Nonlinear-spring models can match nonlinear asymptotic stress-strain curves but
are unable to reproduce realistic hysteresis effects or stress-relaxation behavior. The
power-law model for stress reiaxation can be fitted to relaxation data but not to
hysteresis effects, and it is not per se a constitutive equation. The power-law strain-rate
model can match nonlinear stress-strain curves and (to some extent) the effect of finite
strain rates on the loading phase but is inconsistent with stress relaxation and asymptotic
behavior at zero strain rate.

Consequently, the present investigators decided to try an empirical approach
without restriction on the number of model parameters but with emphasis on matching as
many aspects of uniform compression behavior as could be gleaned from the laboratory
test data reported in Volume I. The approach was constrained by some general conditions
of consistency, which candidate models were required to satisfy. Two such empirical
models were formulated: one with 9 and one with 21 parameters. The development also

encompassed an organized procedure for fitting the models to the test data.

3.1 CONDITIONS OF CONSISTENCY

Four behavior characteristics of viscoelastic materials are significant for the
impact situation and should be modelled independently to avoid the limitations of the
earlier models. These characteristics are as follows.

First, the stress-relaxation curve must influence the response of stress to
changing strain rate. Although the stress-relaxation curve itself corresponds to a state of
fixed strain and zero strain rate, the material behavior exhibited in this test reflects an
"inertial" property that forbids discontinuous changes in stress, even when the strain rate
changes discontinuously. The family of experimental stress-relaxation curves will be

represented by o 1(t, € ).
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Second, the stress-strain curve for loading at constant strain rate should bear
some relation to the loading phase of an impact. The family of these experimental curves
will be represented by J 9( ¢£,{), with the understanding that ¢ = £t on each curve.

Third, the stress-strain curve for unloading at constant strain rate must bear
some relation to the unloading phase of an impact. The shape of the unloading curva
should depend on the maximum strain ¢ * reached in the loading phase, but may be
independent of the loading curve shape at high strain rates. Only that part of the
unloading curve between the loaded and zero-stress states is of interest, and will te
represented by o 3(e, £, ¢ *) with ¢ proportional to £ t on the curve. Also, continutly
between stress states at the instant of load reversal requires that the expression for ¢ 3
reduce to the expression for 9 when e=c *,

Fourth, any material model should possess consistent asymptotic characteristics,
i.e., the stress responses to the relaxation and stress-strain tests should converge at long
times and low strain rates, respectively, to the same asymptotic stress-strain curve o_(¢).
If 9%,99, 73, and “.are a set of candidate functions, each of which suitably represents its

assigned behavior aspect, then the model consistency requirements are:

ol(t,e) > o _{e) as t » = (35a)

OZ(E,{:) dnd Os(s,é,g*) > Om(e) as é &> 0 (SSb)

The conditions of consistency are satisfied by the family of constitutive

equations:

5 + o/t = S(e,¢)
(36)

where S(¢¢) is any continuous function of strain and strain rate and where (for the
moment) attention is focussed on the loading behavior. Proof of this proposition 1s
straightforward. The asymptotic stress-strain behavior 1s obtained directly from Eq. 36
by recogmzing that 5 > o as € > o, Le.:

P2 T T5(e,0) = o_(e) (37)

For stress-relaxation behavior, the general solution of Eq. 36 is given byl 2):
R i
opft,e) = e [A */S(E,t)et/rdt] (38)
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For the conditions of stress relaxation, ¢ =0 and € constant, Eq. 38 reduces to:

ol(t,f) = Ae't/T + 1S5(c,0) (39)

Hence, 0i{t,e) > tS(c ,0)as t> « , which proves the proposition. The foregoing proof
also holds for functions S(e,€,¢ *) which satisfy stress-state continuity at reversal from
loading to unloading.

The LVS model (Section 2.1) is a member of the family defined by Eq. 36. Other
members can involve nonlinear functions of strain and strain rate, but the family has the
property of a single characteristic decay time. It remains to be seen, therefore, whether
another member can be found to suitably represent real material behavior. The stress-
relaxation test results for Ensolite foam rubber appeared to suggest such a possibility (see

Figure 2-3 1n Volume I).

3.2 NINE-PARAMETER MODEL

An empirical model containing nine parameters was developed for application to
Ensolite foam rubber as follows. First, candidate functions 09 and 03 were selected to
represent the stress-strain test results. Second, the candidate functions were used to
derive the forms of S( €, €) and S(e,c,e*) for the loading and unloading branches of the
constitutive equation. Finally, the constitutive equation was used to derive the other
behavior functions o1 and o .

The following function was selected to represent the loading phase of a stress-

strain test:

m
€

(1-)"

o,(r,e) =
=

(E, + E &1 (40)

The exponents m, n, r respectively, provide a strain-softening characteristic, a strain-
stiffening characteristic, and sensitivity of stress to strain rate. The two remaining
parameters E_ and Er are moduli. This function is thus equipped to represent the type
of behavior evident in the loading branches of the stress-strain curves shown in Figure 2-
8.
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Some additional consideration was required before selecting a candidate function
for unloading. Examination of Figure 2-8 led to the observations that, after unloading,
the residual strain tended to increase rapidly with increasing strain rate, and that large
residual strain correlated with difference between the shapes of the loading and unloading
curves.

However, these observations are based on the results of tests in which the
maximum strain: * 1s of the order of 0.8, while the material model must be able to deal
with both smaller and larger values of «*. For smaller values of ©*, i1t was assumed that
the residual strain would be proportionately reduced, and that the shape of the unloading
curve would more closely resemble the shape of the loading curve. To deal with larger
values of - *, 1t was assumed that the residual strain would be proportionately increased
up to a limiting value associated with the asymptotic case¢ * ~ 1.

The following function was consequently selected to represent the unloading

phase of a stress-strain test:

e-a*(r*é)p

Y (E,éya*) = = O (E,;_) (41)
3 [1-(x*e)P] ¢

where it is to be understood that the magnitude of ¢ is to be used in this equation, since
¢< 0 for unloading. For ¢= &, Eq. 41 reduces to Eq. 40, 1.e., Eq. 41 satisfies the
requirement for stress continuity at load reversal. The term (1t ¢ )P represents the
limiting value of residual strain; the parameters t *, p provide a scale factor and a
power-law behavior for the limiting residual strain as a function of strain rate.

The effect of Eq. 41 1s to create a linear mapping of a part AB of the loading
curve to produce the unloading curve shape. Figure 3-1 schematically illustrates the

mapping effect.
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The function S(c, ¢ ) for the loading branch of the constitutive equation can now be
do

obtained by substituting o 2 in the left hand side of Eq. 36, and by noting that G=¢ 35

because £ = £t on the stress-strain curve. This leads immediately to:

S(e,&) = édoz/de + 02/1

m . . 1

_ £
- (l_e)n(Ew EE)OT 1-¢

(42)

In a similar manner, the unloading branch is derived as:

sm'ze*(T*é)p(Em+Erar)

S(E,é,E*) =
(1-e)™[1-(x*e)P] (42)

e-e*(r*é)p

e[1-(1*&)P]

+

S(e,¢)

The remaining behavior functions can now be found by combining Eqs. 38 and 4%,

which leads immediately to the stress-relaxation equation:

-t/1, m
) E ¢ [E_+(E_-E e le (44)
Ol(t,e) = Ae t/n + oo > n
( 1- E) ( 1- g)
Also apparent from Eq. 44 is the asymptotic stress-strain function:
E_o"
g (g) = (45H)
(1-e)"

The complete constitutive equation of the nine-parameter model:

S(e,&) for ¢ > 0
§ + o/t =

S(e,|él,e*) for ¢ < 0 (43)
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actually makes use of only eight parameters: the decay time t; the moduli E and E; the
sealing factor 1 *; and the exponents m,n,p,r. The ninth parameter, Eq, is not actually
required unless one wishes to compute a response to the idealized stress-relaxation test

described 1n Section 2.1(a).

3.3 MODEL WITH TWENTY-ONE PARAMETERS

As will be seen 1n Section 4, the ability of the nine-parameter model to fit the
Ensolite foam rubber test data was questionable in some respects, particularly with regard
to stress-relaxation behavior. Therefore, a second model was developed to provide
additional time-scaling flexibility. The loading-to-unloading mapping properties of Eq. 43
and the stress-strain nonlinearity of Eq. 45 were retained in the second model. The added
flexibility was achieved by means of a strain-dependent rate exponent in the loading
stress-strain curve and a strain-dependent decay time in the stress-relaxation function.

Accordingly, Egs. 40 and 44 were replaced by the following functions:

_u
oz(e,é) = om(e) + orér exp (-e7/v) [exp(ew/x) - exp( E)/ZJ] (47)

ol(t,e) = o_(e) + ooe\(p(-tA/BCL)[eXp(ea/b) - exp(—gc/d)] (48)

where 0_(€) is given by Eq. 45, and where 9,1%»A,B,C,a,b,c,d,r,u,v,W,X,y,z are new
parameters. The parameters E _ ,m,n, 1*, p are retained from the earlier model.
The new model contains 21 parameters, of which 16 appear in the constitutive

equation. The constitutive equation, derived as outlined in Section 3.2, is as follows:

o+ S(e,e) - (ath 1 Bct)q (£50) (49)

e [1-(x*jehPp [ 1 " !

. m
S Tt LI DL . _u
o 5 “._l_l‘_ . rE’rexp( e /v) C‘(p(ru/x)-exp(-cy/z)}

(50)

erer(erfe])P : 1,
+ e (t*]é]) S(e,é) - (AtA I/BCV)O

F[l_(T*'é'p] (é<0)
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T €

A-1 .
+{At - e&rvu eulnlélexp(-eu/v)}{exp(ew/x) - eXP(‘Ey/Z)}

BC*

u, +f -
+ 0 'é‘rexp(‘e /V) g{g Voxp(c™/x) + % Eyexp(_gy/z)} (51)

3.4 CURVE-FITTING PROCEDURES

Least-squares regression formulas were developed to fit the model parameters to
the laboratory test data. Linear regression formulas were derived by taking logarithms of
the behavior-aspect equations. The resulting procedures were straightforward for the 9-
parameter model but not for the 21-parameter model.

3.4.1 Regression Formulas for 9-Parameter Model

The basis of the approach to curve-fitting is to deal with groups of parameters,
taking advantage of previous results at each step. In the first step, attention is focussed
on the asymptotic parameters E, ,m,n which appear in Eq. 45 for o_(ew In logarithmic

form Eq. 45 becomes:
logo_ = logE_ + mloge - nlog(l-¢) (52)

Now assume that there are N asymptotic data points ( S ) available. Then the
square error associated with fitting Eq. 52 to these data points is given by:

N
A = logE  + ml - - - 2
(a_) 1Z=:1 gE mloge nlog(1 sl) logowJ 53)

and simultaneous linear equations in logE, ,m,n can be derived by minimizing ( A,)% w th
respect to these parameters.

In the second step, attention is focussed on the parameters E; and o which appear
in Eq. 44 for the stress-relaxation behavior ¢ j (t, €). Equation 44 can be rewritten as:

(1-)" Mo, - E_ = (E, - E e U/T (54)

ool
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This leads to the square-error expression:

N
2 _ -
(o= 1§1 log (E-E,) - t /1 - log ((1-61)“ e Moy, - E@)Jz (55)

in terms of the stress-relaxation test data points (Ei > Gli’Ti)' The values of E_, ,m,n are
assumed to be as given by the first step, and (A1)2 is minimized to derive simultaneous

linear equations for log{Eq-E ) and 1/ T.
In the third step, Eq. 40 for the loading stress-strain curve is rewritten in a manner

similar to the procedure used in the second step, leading to the square error:

2 n o -m 2 (56)
(Az) = 12;1 logEr + rlog{:l - log <(1—el) €, Oy, - Ew>]

in terms of the stress-strain test data points (€,,€;,09,; ). The values of E, ,m,n are
again assumed to be as given before, and ( &4 9)2 is minimized to derive equations for Ep
andr.

The fourth and last step determines the values of the residual strain parameters 1 *
and p. These parameters appear in Eq. 41 in the term:

e, = e* (t*en? (57)
where €, is here defined as the residual strain after unloading from the maximum strain
€ * in a stress-strain test at the strain rate €. The square-error expression corresponding
to Eq. 57 is:

2 N
(A;) =l§1 (1/p)log (LOl/e‘]*) - logt* - 10géJ2 (58)

in terms of the stress-strain test data points ( éi,e*, Eoi)’ and minimization leads to

simultaneous equations in 1/p and logt*.
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3.4.2 Regression Formulas

The first and fourth steps in curve-fitting the 21-parameter model are identical 10
the corresponding steps for the 9-parameter model. The second and third steps require
some additional consideration, however, because of the complexity of the modified
behavior functions introduced in Egs. 47 and 48.

The loading stress-strain function in Eq. 47 can be rewritten in the form:

(53)

o] - Emem/ (1-g)n = g* (e)téfr* (e)

2

where

o* (g) = or[exp (ew/x) - exp (-ey/z)] (60)

The functions o* and r* are first treated as intermediate parameters by grouping stress-
strain test data points into subsets ( f-ii, 0,4 ) for individual values of strain. The values of

o * and r* can then be determined by regression of:
7 (e) = rexp(-su/V) (€1)

AZ = ZN: logo™* - r*logé1 - logro21 - EweT/ (1-€l)rj}2 (62)
1=1 L
from Eq. 59. The remaining steps involve estimation of the model parameters in two sub-
groups by using o* and r* in Egs. 60 and 61, respectively.

A heuristic approach has been taken with respect to Eq. 60. The form of the strain
function in brackets is such that 1ts value is zero at € =0 and large when cis large. Hence,
one can choose an intermediate strain for which the function should have & unit value, and
one can then choose ¢_ to be the value of g*at the intermediate strain (in the case of the
Ensolite test data, an intermediate strain between 0.15 and 0.2 appeared to be a gond
choice). The form of the strain function also leads one to expect that exp (¢ W/x) > 1 much
faster than exp (-€¥/z)>1 as >0, 1e., exp( €W/x) = 1 for small strains. Conversely
exp(-€Y¥/z) ~ 0 rapidly for large strains.

The heuristic estimation procedure is then as follows. With O.= % (t,n4) at the

intermediate strain, Eq. 60 is replaced by the two estimation formulas:
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c* (e) = or[l - exp (-ey/z)] for e < €INT (63)

o* (e) + orexp(-ey/z) = orexp(ew/x) for e > € yr

(64)
The square-error expression corresponding to Eq. 63 is:
2 ZN: 1 logz 1oglog[ s ]} 2
AT = yloge - - 5 o* e )
=1 1 or o € 1 (65)
for the parameters y, logz in terms of small-strain data. Corresponding to Eq. 64:
, Y
5 N o*(gl) + oo exp ( el/z;] (66)
At o= Y wloge - logx - loglog - J
1=1 T

for the parameters w,logx in terms of large-strain data. The term exp(—eiY/z) in Eq. 66 is
based on the previously calculated values for y and z, and has been included to improve
the accuracy of the procedure when the large-strain data points include strains not much
larger than ¢ jpt.

The foregoing set of procedures involves approximations. Therefore, it is also
necessary to iterate the estimates for w,x,y,z obtained from Eqgs. 65 and 66.

The remaining parameters are estimated from Eq. 61. The form of the strain
function in this equation is such that r = r*(0), and a heuristic approach is again required.
In this case, the procedure is to choose r = r*(c) for the smallest value of strain available

in the data base. The last two parameters u,logv can then be calculated from the square

N
2 _ _ . _r 2
AT = 1§1 uloge1 logv loglog[r* (El)]} (67)

The stress-relaxation function in Eq. 48 is treated in a similar manner by rewriting

error:

in the form:

o, - Ee™/ (-9 = o* (e)exp(-t"/BCE) (68)

1
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where
U= o {exp /by - exp (¢ T/d)
. J <y p P / (69)

From Eq. 68, one recognizes that o* (€)is an "instantaneous stress" function. The
stress-relaxation test data does not include points at times sufficiently short to
approximate o* (¢) , however, as was discussed in Section 2.1 of Volume I. Therefore,
stress-strain test data from tests at extremes of high strain rate and low temperature was
used to estimate o* (¢) in the present case.

The first sub-group of parameters is then iteratively estimated by a heuristic

procedure analogous to Egs. 63 through 66, i.e. 9, =0* (¢, ) and

nt v0)

N o} 2
AZ = Z cloge - logd - 1og10g[ O*r ]X for ¢ < «
1 a - Ial - 1
1=1 Y.
* C 2
o (el) * o, exp(-gl /d)

c
e}

N
= Z aloge - logb - loglog for ¢ >
=1 1 1

where, In the present case, tjnt = 0.5 was found to be a good choice for the Ensolite test
data. The final three parameters A, logB, logC can then be estimated from the square

error:
a c
N o lexp(e /b) - exp(-e /d)
=" Y ( Alogt_-logB-¢ 1logC-loglog (72)
1 1 m n
=1 ey, - Ege M/ -e)

in terms of stress-relaxation data points (¢,,0,., ¢; ).
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4. APPLICATION OF MODELS TO TEST DATA

The 9- and 21- parameter empirical models were applied to the test data
developed for Ensolite AAC foam rubber and reported in Volume I, using the curve-fitting
procedures described in Section 3.4. Some smoothing of the test data was done before the

models were curve-fitted.

4.1 DATA SMOOTHING AND INPUT

Data points from stress-strain tests at low strain rate (0.0012 per second) were
used as input for fitting the asymptotic parameters E_ ,m,n. Smoothed stress-relaxation
data was generated from the test results by reading data points from the time-
temperature-superposition master curves (see Volume I, Figure 2-3).

The stress-strain master curves (see Volume I, Figure 3-3) were avoided, however,
because they fell below the high-rate test data. Instead, the high-rate test data points
were averaged at each value of strain rate to provide input for the loading stress-strain
behavior.

High-rate data should also have been used to calculate the residual strain
parameters, but measurements of the residual strain were found to be inaccurate at strain
rates exceeding 73 per second. Lower strain-rate data was used, therefore, and
consequently this part of the model can only be considered as an extrapolation for impact

strain rates.

4.2 RESULTS FOR MODEL PARAMETERS

Tables 4-1 and 4-2 summarize the parameter values for the 9- and 21-parameter
models, respectively. The parameters E_, ,m,n, T*,p are the same for the two models.
The parameters T and T* are reported in units of milliseconds (ms). Each table gives
reference to the corresponding behavior-function equations and to comparison plots

discussed in the next section.
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TABLE 4-1. RESULTS FOR 3-PARAMETER MODEL

PARAMETER VALUE STANDARD ERROR EQ. FIG.
Eoo(psi) 7.69 0.86 psi 45 10
m 0.675

n 1.09

Ep (psi) 22.12 10.80 psi 44 12

T (ms) 8.81

Ep (psi) 5.45 5.90 psi 42 13

r 0.1666

* (ms) 0.00976 0.00948 57 11

p 0.0987
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TABLE 4-2. RESULTS FOR 21-PARAMETER MODEL

PARAMETER VALUE STANDARD EQ. FIG.
ERROR

E_ 7.69 psi 0.86 psi 45 10
m 0.675

n 1.09

a0 66.0 psi 0.96 48 12
A 0.130

B 0.156

C 3.o8

a 10.12

b 0.279

¢ 1.94

d 0.0290

or 4.153 psi 1.25 psi 47 13
r 0.190

u 3.17

v 0.580

w 2.57

X 0.296

y 2.23

z 0.00164

< * (ms) 0.00976 sec  0.00948 57 11
p 0.0987
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The tables also report standard errors for each group of parameters. The
standard error measures the inaccuracy of the curve fit with respect to the input
data points. For example:

N
1 2
Standard Error = \/;122:1 o e -0 ) (73)

measures the deviation of 0_ (ei ), as calculated by Eq. 45, from the input data

points o ;.

relaxation function o, and the stress-strain function o, , respectively. The

standard error of the fourth group is related to the residual strain function e, (Eq.
57).

The second and third groups have standard errors related to the stress-

Note that the errors inol and 0, are comparable to the values of the
respective modulus parameters for the 9-parameter model. This is an indication of
poor fit. Conversely, these errors are much smaller in relation to the modulus

parameters of the 21parameter model.

4.3 COMPARISON OF BEHAVIOR CURVES WITH INPUT DATA

Figures 4-1 through 4-4 compare the empirical model behavior curves with
the input data from which the model parameters were calculated. Figures 4-1 and
4-2 compare the asymptotic and residual strain behavior, respectively. These plots
apply to both models, and they show that the models fit these behavior aspects
well.

Figures 4-3 and 4-4 illustrate the stress-relaxation and stress-strain
behaviors, respectively. The improvement in fit provided by the 21-parameter
model over the 9-parameter model 1s evident 1n both cases.
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5. CONCLUSIONS

The research reported herein comprises an investigation and development of one-
dimensional constitutive equation models for application to crash padding materials and
the application of two models to laboratory test data previously developed for Uniroyal
Ensolite AAC foam rubber. The following conclusions can be drawn from the results of

the research:

o Neither conventional material models such as the linear viscoelastic solid nor
empirical models with only a few parameters based on limited aspects of
observed behavior are sufficiently flexible to accurately describe the dynamic

behavior of real viscoelastic materials with strong nonlinearities.

o Nonlinear viscoelastic material behavior can be described by multi-parameter
empirical models. Such models can be formulated in accordance with conditions
of mathematical consistency, an approach which leads to a useful constitutive
equation. The constitutive equation is the essential basis for prediction of

material response under dynamic conditions other than standard laboratory tests.

o Least-squares estimation procedures can be developed for multi-parameter
models in a way such that the parameters can be fitted to materials test data in
an organized approach. This approach takes advantage of the entire test data

base, i.e., the parameter estimates are unbiased.

o The two models that were developed and applied to the Ensolite test data
contain 9 and 21 parameters, respectively. The 9-parameter model is easy to fit
and work with but represents the material poorly at short times and high strain
rates. The 21-parameter model is difficult to fit and work with but represents

the material well over the entire dynamic range of interest.
o Both the 9- and 21- parameter models can be applied in principle to test data

gathered on other viscoelastic materials which might be candidates for crash

padding.
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APPENDIX
HP67 PROGRAMS FOR NONLINEAR-SPRING MODELS
OF CONSTITUTIVE EQUATIONS

This appendix contains two programs based on Egs. 28 and 30. The first simulates
the idealized stress-relaxation test and is discussed in Section A.1. The second simulates
the stress-strain test at constant strain rate (see Section A.2). Both programs have
options for either softening or stiffening behavior.

The finite-difference algorithm for the softening model is given by:

By €y + Eoep - [L4(E/B) (0,/B)" 1] o )
1+n (E_/B) (ok/B)“‘l (A.1)

where h = At/t . The stiffening algorithm is given by:

k+1 = Ok + [1+n(B/Eo)ekn_1] rEoék + [1+(B/Em)€kn‘1] Ewek - oy h

(A.2)

for stress relaxation € =0 and ¢ is a constant. For the stress-strain test ¢ is a constant

and €y =khé .

A.1 Stress-Relaxation Program

The program starts from specified initial conditions € *, ¢ *, For the softening
model O * is specified and the corresponding value of ¢ * is momentarily displayed
before the time integration begins. For the hardening model c* is specified and © * is

momentarily displayed before the time integration begins.



During the time integration, the program momentarily displays the current step number.
H, and the current stress, o y, where H is a specified multiple of the nondimensional time
step size h. At each step, the program tests the termination condition:

-3
(Ope1 = kI Ogur | < 10 (A3

If this condition is satisfied, the program momentarily displays the last step number, k+1,
the corresponding stress, o k+1, and then stops with a comparison value in the display. For
the softening model, the comparison value is a strain € **, and the difference € *- e** jq
an indirect measure of the degree to which the stress has relaxed. For the stiffening
model, the comparison value is the asymptotic stress ¢ , ando k+1 - o_ measures the
degree of relaxation. )

The nature of the termination condition is such that the process of relaxation mayv
be "stopped short" when a small time step size is chosen. If the error measure indicates
that this has happened, then increase h by a factor of 10 and make a second run. (In
general, the values h = 0.1 and h = 1.0 will cover the most significant range in the
relaxation process.) If the termination condition leaves an unacceptably wide data gap
between the two h-values, decrease the tolerance to 10-4 at program steps 057-060 and
126-129.

The following two pages document the program. Table A.1 gives a test example.

A.2 Stress-Strain Program

The program starts from € =¢ = 0 and simulates loading at a constant strain rate £
(specified by the nondimensional rate T €) up to a specified maximum strain € * in a
specified number of increments M. When the maximum strain has been reached, the
program immediately simulates unloading at the constant strain rate -¢ from € * to
zero strain. The time step size h= €¢*/M 1 € s internally computed.

During execution, the program momentarily displays the step number H, the current
strain €4, and the current stress 0 4, where H is a specified multiple of h. The step
number is incremented during loading and decremented during unloading.

The program is supplied in a version which simulates softening behavior. To changz
to the stiffening model or back to the softening model, simply edit program steps 025 ani

054 1n accordance with:



SOFTENING:
STIFFENING:

Table A 2 gives a test example. The program listing appears on the two pages
following Table A 2.



TABLE A-1. TEST EXAMPLE FOR STRESS-RELAXATION PROGRAM

USER STORES: 4.8 STO1l B
20 STO2 E,
10 STO3 E
1.8 STO4 n
.1 STO6 h
10 STO7 H
SOFTENING STIFFENING
USER: .4A USER: .02B
PROGRAM: PROGRAM:
0.0314 0.4042
10 0.3263 10 0.2739
20 0.2907 20 0.2285
30 0.2744 30 0.2127
40 0.2670 40 0.2072
48 0.2642 45  0.2059
0.0318 0.2042

A-4



TABLE A-2. TEST EXAMPLE FOR STRESS-STRAIN PROGRAM

useR STORES: [4] .[8|[sTolal B

lzlol ISTOIBI Eg

[1fo] [stolc] E,

I1l.]8] [sTolD| n

|1|0| |STO|6| H

B [sTo{7] ™

SOFTENING

STIFFENING

EDIT TO: |g| GSBf| a

USER: .Is|ENTER] e*
.121A] Te
PROGRAM:
10 0.1 0.9352
20 0.2 1.4437
30 0.3 1.8502
40 0.4 2.2031
50 0.5 2.5220
40 0.4 2.0890
30 0.3 1.6269
20 0.2 1.1056
10 0.1 0.4410
0 0.0 -0.5668

EDIT TO: |g| GSBf| b|

USER: .15} ENTER]
1] A

PROGRAM:
10 0.1 1.9958
20 0.2 3.9695
30 0.3 5.9237
40 0.4 7.8647
50 0.5 9.7993
40 0.4 7.7394
30 0.3 5.6988
20 0.2 3.6754
10 0.1 1.6778
0 0.0 -0.2969

G *
Te




REGISTER USAGE:

k HP-67 PROGRAM: STRESS RELAXATION ( NowiiweAR- SARINE MODELS)

RO |R1 | R2{R3 | R4| RS |R6 | R7 {R8 | R9 |RA | RB |RC | RD |RE
o |B |Bo |Eu|n |EE h |H @) Ayl (b)) (b) 5
o |B |2 |[EL{7 |[e*{n [H | @] *] O, s
() =LOOP INDICES (b) - WoRMKIN& STIRNGE

001 | ¢ ligu| A [sef€ ] 029(ecr] 4 ]os7 . loas g A

002 |sro| 0 030( b {y" foss | o Joss |+ €**

003 |Rec|d 031|s|B 059 |o 087 | h lavd

koa e 032Re |2 060 |4 088 [£ |@BL| B [sH#

J005 lece| 4 033[X 061 [g [N 089 |sro|s

foos | n|y* 034|ral 0 062 |gp| 3 090 {rwl4

007 [sm|A 035] = 063}0, 4 %91 [h y'

008 |Rct| 0 036| AL 4 064 nc) 7 H Jo92 [pal 1

Eo9 R 2 0371 X 065 |9 oy 093 Ix

folo [+ 038] 4 066 leml 2 09 lsro| A

fo11 Jece|a 039] 4 067 |reL|9 095 [pe] 5

012 |+ c¥ | 040|Sro|A Weon]068 [ h |ousk 096 [ReL{2

EB h |PavsE 041|ReLiB 069 {pato 097 | X

014 |Ru| 3 042|Rl 3 070 |l Prost 098 |Rre|A

015 | X 043| X 071 Bo| 4 099 [+

016 |sm |5 04 4|cHs 072 | a3 100 sl 0 o

017 {0 045|ReL| 0 073 {Ret]9 101 |h pavde

018 {5729 046| — 074 | h {oa 102 [ReL|5

l019 F lisd) 1 [Pu%] 047pel s 075 |red 0 103 frer|3

020 {0 048{ 4 076 [ h |pavfe 106 |x

021 s 8 049(ReL| ¢ 077 jreefd 105 ReLjA

022 {§ {18 Z |Sieer} 0501 X vum 078 |= 106 |4

023 {1 0S1|Rev| A 079 [reL| 4 107 3 L

Eza sro| + | 8 052| = ar, Joso | {y* 108 | o

025 smo|+ | 9 053sT0|+ | O 081 |sm|A 109 |sro|9

kze R} O 054| RuL{ 0 082 |ReL| 0 110 [+ {18l 4 {250

fo27 |raf4 055{ = 083 [ra]3 1 |p

028 |+ | 056 b |agsl  }|# Jo84 | 112 |sp| &




113 |§ ksd]s fmrlel £ sy l169 Jro7
114 | { 42 [Rra|9 170 198
115 o |+ B 43 [hP 171 199
116 s |+ {9 44 1RGO 172 200
117 B 45 |h 173 201
118 |ra |0 146 |ReB 174 202
119 |- 147 |h 175 203
120 [Ret] 6 148 176 204
121 | X . 4149 177 205
122 jsrof+ [p|  Jrso 178 206
123 |ectf o 151 179 207
124 |= 152 180 208
125 | jass|  [14%V)1s3 181 209
126 |, 154 182 210
127 | o 155 183 |21
128 |0 156 184 212
129 | { 157 185 213
130 | g |y 158 186 214
131 Erol 6 159 187 215
132 [ReL| 8 »,E,Lmrleo 188 216
133 |RL|7 H J161 189 217
134 {9 oy 162 190 218
135 10| 5 163 191 219
136 |rec |9 164 192 220
137 |h 165 193 221
138 (rel 0 166 194 222
139 |h P 167 195 223
140 |GT1 4 168 196 224

USER ACTIONS:

[B-value] (O] [s]2) [ valee] F@I3]
[h-vuul [h-valu] [H-valee] (55 [7]
Soffem‘v mple/:

‘O’*. value I

Stiffening wodel

[6!— value l@




REGISTER USAGE:

HP-67 PROGRAM: S7TAESS— STRAIN AT (ONISTANT STRAIN RATE
(NONLINEAR ~ SPRING MODDELS)

RO JRL | R2{R3 | R¢|R5 |R6 | R7 |R8 | R9 {RA | RB |RC | RD |RE
o, | € e¥|vé |eré| h |H [M I(-tlu) k | B [ & {£u | [Trea.
wors: nOEX Re& RI AtSo USED AS weRKING STYDRAEE

ool {§ [8dA 029l + | ¢ Jos7 [x se 1085 | X

002 3 030{ree] 8 *__“ste sol—|1 86 |ra|B

003 |h |¥ 031|ret] ¢ HJosg red 8 !.’:‘!1087 X

004 |swo|2 032 ¢ loy Joso [re 6 R 1088 [re| A

005 Rel] 3 033lgm| 2 061 |g |xoy Josy [+

006 |- 034|gec |9 062 k|4 090 |4

007 |geL|7 035|h pa 063 |gei] 2 091 |4 evor

008 |- h | 036/red] 1 fo64 I} ba 092 lsolE

009 |sp|5 037}h 065 et} L 093 [ h |re

010 |RCL{B 038{Re 0 066 {Ih Paute 094 [red] 0

011 |Rel3 039|h Ppa 067 [Ra| D 095 [X

012 |X 5t | 040(Res 9 k (068 h pavke 096 |rer|C

fo13 [sm|4 041frec) 7| [ M Joe9 alo k Jo97 [x

014 |0 062|9 poA 070 |$ |o| 098 jeL| A

015 {sm|o 0436 1 071 lamw| 3 099 |=

016 |sro| 4 044|per| 4 072 |h gnq 100 Hs

017 s 045|chs 073 |9 41 sorr]101 |ren o

018 |f |84 |2uR ] oselsp|4 -tre §074 lae| D 102 |~

km D 047] ¢ lad 3|25 o075 |1 103 Jral 4

020 |sw|8 048] o 076 |— 104 |4

021 |§ |BU Z | Suer} 049s10| 8 077 lradO 105 (ree| €

022 |{ 050 F |aL|4 |fuel078 [Ra]A 106 |Ren] 4

E3 + |8 051] 4 079 {= 107 | X

024 Iso|+ (9 {ioap | 052{sm|+ |8 080 | h 108 |+ WM

025 |g P%|a |og,, | 053\sm| - |9 |vmeefoBl [h [y 109 |re €

026 |ReL|E 054/9 Fsg{a |og. Jo82 {h |y* 110 | <

027 |ree|3 05S|ReL | & 083 |h |sro 111 5

.228 X a€ § 056(RcL|3 084 |Red D 112 |X AT,




113 |sol4+ | 0 [:1101 169 197
114 | h |emd 142 170 198
115 |9 fog b |smre 143 171 199
116 |ReD 144 172 200
E7 i 'Fs 173 201
118 |e 146 174 202
119 R 4 147 175 203
120 |h jxy 148 176 204
121 | h |y” f149 177 205
122 |Rel]3 150 178 206
123 |Ree| 151 179 207
Pa + 152 180 208
125 |X 153 181 209
126 || A 154 182 210
127 | X 155 183 211
128 Rei|C 156 184 212
129 Red ¢ 157 185 213
130 | X 158 186 214
131 |+ 159 187 215
132 4 160 188 216
133 |+ 161 189 217
134 ReL| 0 162 190 218
135 |- 163 191 219
136 {Rey § 164 192 220
137 | X a0, 1165 193 221
138 |sTo|+ | O 166 194 222
139 | h 167 195 223
140 168 196 224
USER ACTIONS:

(-value ] BT[D) [H-vae | 50] 2] - vatee | G701 7)

So-fkm‘rv (tefoutt anM) :

‘5‘- value' |‘l“€ —voZue‘

Strffoning (BIGSEIE) at steps 025 mnd 054):

!é’-val«e! !fi-val-e![ﬂ

A-9/A-10



1)
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3)

4)

5)
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